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Section 1. Reproducibility and reversibility study of third-harmonic generation (THG) 

from a crystalline GSST film  

 

 
Figure. S1. Normalized experimental power dependence of THG in a crystalline GSST film. The data 

were collected while first increasing (red) and subsequently decreasing (black) the pump power at the 

fundamental wavelength of (a) 4.26 m and (b) 4.5 m, demonstrating the reversibility of the 

nonlinear response. In this case, the beam waist radius at the sample position was 120 m. 

 

Section 2. Estimation of      from THG 

 
Let us consider plane waves in the form of:  
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where   is the electric field amplitude, k = 2n/ is the wave vector, and  is the angular 

frequency. The intensity of the plane wave is: 
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where    is the vacuum permittivity, n is the refractive index, and c is the speed of light. 

We derived the coupled wave equations for the THG process by following the approach for 

the second harmonic generation:
[1,2]
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where    and     are the refractive indices of the pump () and THG (3), respectively and 

               is the wavevector mismatch. Under the undepleted-pump 

approximation, where    is constant, an analytical solution for the electric field amplitude 

    of the THG at the exit of a nonlinear material of thickness L can be found as: 
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The intensity of THG light can be expressed as: 
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Therefore, the intensity-to-intensity internal THG efficiency   
    can be written as: 

 

  
    

   

  
     

                                                                                    

                       

Considering a pump beam with Gaussian profile (TEM00 fundamental mode), Eq. (S6) holds 

true if the thickness of the material is much smaller than the double Rayleigh length, i.e., 

       
    

 

 
 , where    is the beam waist defined as the distance from the beam center 
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to the radius where the intensity drops to 1/e
2
 of its maximum intensity. Moreover, taking into 

account the Gaussian temporal profile of the pump pulse (with duration ), we have: 

 

          
     

 
   

  
 
  

 
  

                                                                             

 

where   
    is the internal pump peak intensity. To correlate the intensity with the average 

power, the previous expression has to be integrated in time and space. The energy of the 

pump pulse    can be therefore calculated as: 
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In a similar way, it is possible to determine the energy     of the THG pulse: 
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It should be noted that the THG beam waist and pulse duration are √  times smaller than 

those of the pump pulse, due to the cubic dependence between the corresponding intensities. 

Therefore, a factor of  √  appears in the relation between average power (or equivalently 

energy) and intensity internal efficiencies: 
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In this way, it is possible to connect “real measurable” parameters (i.e., the average powers) 

with material parameters such as the third-order susceptibility: 
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where   
      

     , being    
    the external pump peak intensity before entering the 

substrate, while T = 
        

   

(        )
 
(         )

   is the transmission of the pump beam through the 

CaF2 substrate and into the film. Indeed, it is important to include the power transmission 

coefficients at the interfaces to calculate the effective power entering (and exiting) the 

samples under investigation.  

 

 

 

 

 

 

 

Figure S2. Schematic of THG in the samples under investigation. 

 

Therefore, using the Fresnel coefficients for normal incidence, we obtain: 
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Finally, the “internal” power-to-power efficiency derived in Eq. (S10) can be related to the 

actual pump and THG powers measured at the sample’s input and output, respectively (i.e. to 

the “external” power efficiency   
    

     

    
) as:  
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Section 3. Generalized Miller formula 

The third-order susceptibility      directly connects with the THG performance of a 

nonlinear optical material. In order to compare the THG performance of our GSST films 

with other relevant nonlinear optical materials, it is necessary to project the      found in 

literature to the same set of frequencies employed in our investigation. W. Ettoumi et al. 

n nsub P,i P3,o 

(3) 

P P3 
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derived the spectral dependence of the nonlinear susceptibility of any order and reported a 

generalized Miller formula.
[3]

 By applying such formula, the third-order susceptibilities at 

any set of frequencies can be estimated, if the refractive index dispersion and the nonlinear 

susceptibility value for a specific set of frequencies are known:    
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Section 4. THG performance of the crystalline and amorphous GSST films at different 

pump wavelengths 

To further investigate the THG performance of the GSST films in crystalline and amorphous 

states, the power of the THG light emitted at different pump wavelengths was measured under 

the same experimental conditions. As we can see in Fig. S3, the conversion efficiency of the 

crystalline GSST film is significantly higher than that of the amorphous film over the 

measured pump wavelength range 4.3 m - 4.5 m.    

 

Figure S3. Ratio of the conversion efficiencies of crystalline and amorphous films at different pump 

wavelengths. The input average power was fixed at 9 mW and the beam waist radius was 120 m. 

(The line is for visual guidance). 
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Section 5. Simulated transmittance of GSST cylinders with different sidewall angles 

The relationship between the sidewall angle and the resonant wavelength was numerically 

investigated (as shown in Fig. S4). We found that a decrease in the sidewall angle (see inset in 

Fig. S4 for its definition) leads to a blue-shift of the magnetic dipole resonant wavelength 

when compared to a meta-atom with vertical sidewalls.  

 

Figure S4.  Simulated transmittance of GSST cylinders with different sidewall angles. 

 

Section 6. Diffraction pattern of the THG light generated by the crystalline GSST 

metasurface 

As reported in the main paper, the center-to-center distance between the resonant meta-atoms 

in the fabricated device is 2.4 m. This corresponds to an effective sub-wavelength separation 

between the scatterers (as typically featured by metasurfaces 
[4]

) for the employed mid-

infrared light, considering both the air and CaF2 substrate refractive indices. The square lattice 

period is instead larger than the THG wavelength, resulting in multiple diffraction orders for 

the generated third-harmonic light. Such condition is common in SHG/THG nonlinear 

experiments that employ dielectric metasurfaces with a resonance at the pump wavelength 

(see, e.g., Ref. [5]). 

Figure S5 (b, c) shows an example of the THG light diffraction pattern generated by the 

metasurface ( = 4.2 m). Estimates of the THG power distribution over the nine diffraction 
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orders are provided in Fig. S5 (d). These results support the assumption that almost identical 

amounts of power go into each of the maxima. Consequently, we evaluated the total THG 

power emitted by the metasurface as the power collected from the zero-diffraction order 

multiplied by a factor of 9. Indeed, the THG collection from all orders was found to be 

experimentally challenging, especially for the longer pump wavelengths and the diagonal 

orders, due to their large diffraction angles (see Fig. S5 (e, f)). 

 
 

Figure S5. (a) Schematic of the diffraction pattern of the THG from the crystalline GSST metasurface. 

(b) Example of an experimentally recorded image of the THG diffraction pattern, corresponding to the 

pump wavelength of 4.2 m. (c) Intensity profile of the diffraction pattern presented in (b). (d) 

Corresponding distribution of the total power over the diffraction orders (c). (e) Experimentally 

recorded image at the larger pump wavelength of 4.5 m, presenting missing diagonal diffraction 

orders. (f) Intensity profile of the recorded diffraction pattern at 4.5 m. 
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